Recently, a class of random graph models called the Fixed Radius Model has been received much attention. Because there is clear relationship with a kind of state-of-the-art wireless communication networks. In the Fixed Radius Model G = G(n, R), each random graph is defined by n nodes placed randomly in the Euclidean plane according to some distribution; each pair of nodes is connected by an edge if and only if the distance between the nodes is within the common radius R. Hence the model can be naturally interpreted as a mathematical model of wireless communication networks in which every mobile node can communicate with other nodes within the distance R.
Recently, a class of random graph models called the Fixed Radius Model has been received much attention. Because there is clear relationship with a kind of state-of-the-art wireless communication networks. In the Fixed Radius Model G = G(n, R), each random graph is defined by n nodes placed randomly in the Euclidean plane according to some distribution; each pair of nodes is connected by an edge if and only if the distance between the nodes is within the common radius R. Hence the model can be naturally interpreted as a mathematical model of wireless communication networks in which every mobile node can communicate with other nodes within the distance R.
In this paper, we present some analytical results concerning the probability of such random graphs being connected, assuming that the fixed number of nodes are distributed in one-dimensional space according to the uniform distribution. More precisely, we first present the analytical results for the Fixed Radius Fixed Diameter Random Graph Model developed in this paper and then use them to analyze the conventional, Fixed Radius Free Diameter Random Graph Model.
Introduction
A random graph G = G(V, E) can be described as a graph that is generated by some random mechanism. In this paper, we analyze the Fixed Radius Model G = G(n, R) that is the one of a random graph and recently has been received much attention. In this model, each random graph is defined by n nodes placed randomly in the Euclidean plane according to some distribution; each pair of nodes is connected by an edge if and only if the distance between the nodes is within the common radius R.
The reason why Fixed Radius Model have been received much attention is that model have a relationship with a kind of state-of-the-art wireless communication networks. The model can be naturally interpreted as a mathematical model of wireless communication networks in which every mobile node can communicate with other nodes within the distance R.
Assuming this application, there is the interest in the probability that a random graph is a connected graph. Our analysis object is that probability.
In this paper, we analyze the model of which the radius R and the number of nodes n are fixed. We assume that we confine to one-dimensional sapce on Euclidean plane and the nodes are uniformly distributed. Under these assumptions, our objective is that we analytically obtain the probability. The result is useful for some restricted areas such as long almost-straight roads and rivers which can be considered as one-dimensional space. Also, the result could give an insight into the analysis of two-dimensional models as a special case.
We define two new random graph models in this paper, the Fixed Radius Fixed Diameter Random Graph Model G = G(n, R, L) and the Fixed Radius Free Diameter Random Graph Model G = G(n, R). We explain these models the following section.
The Random Graph Model

The Fixed Radius Fixed Diameter Random Graph Model
In this paper, we analyze the model of which the radiius R and the number of nodes n are fixed. In the Fixed Radius Fixed Diameter Random Graph Model G = G(n, R, L) (Fig. 1a) , we also assume that the diameter L of this graph is fixed. The diameter of the graph is the distance between two most discrete nodes. In this model, we place two nodes the locations discrete only L in one-dimensional space beforehand. The n nodes are uniformly distributed inside the nodes of both ends. All the number of nodes of this model is n + 2.
We consider nodes in the existence range of nodes
We denote the locations of the nodes by X 0 , X 1 , . . . , X n+1 from the left. We assume that n nodes are uniformly distributed inside interval I (0<x<L). Then
Let W 0 , W 1 , . . . , W n denote the distance of the intervals between two adjacent nodes.
In this paper, we call the node of the location X i the name specified as X i . 
The Fixed Radius Free Diameter Random Graph Model
The Fixed Radius Free Diameter Random Graph Model G = G(n, R) (Fig. 1b) is the model of which the radiius R and the number of nodes n are fixed. In this model, we assume that n nodes are uniformly distributed inside initerval I(0<x<L) which is the existence range of nodes
What is different from the Fixed Radius Fixed Diameter Random Graph Model is that there is no node at both ends of the interval I, i. e. , that the diameter of the graph is not fixed. The other definitions of this model are the same as the definitions of the Fixed Radius Fixed Diameter Random Graph Model. If all the distance between two adjacent nodes is less than the radius R, the random graph is the connected graph. We derive recursive formula for obtaining the probability of such random graphs being connected in the next section.
Analysis
The Fixed Radius Fixed Diameter Random Graph Model Asymptotic Representation by Integral Calculus
We define W as the maximal value of the lengths of the intervals W 0 , . . . , W n .
The probability P n (L) that the node X 0 can connect with the node X n+1 is equal to the probability that W ≤ R.
As (4) is the distribution function of W , it is common to represent R as variable, like F (R). However, since we derive the recursive formula with fixed R, variable L and n in what follows, we represent the distribution function of W as P n (L).
When n = 0, as there are nodes only at the both ends of I, it is clear that
For any n and when 0<L ≤ R, we have
When n ≥ 1 and R<L, since X n ≤ x implies that there are n nodes X 1 , . . . , X n within Z = {q|0 ≤ q ≤ x}, we can obtain the distribution function of X n as follows.
By differentiating (7), we get the probability density function f n (x) of X n as follows.
Under the condition X n = x, the probability that X 0 is combined with X n is P n−1 (x) and the probability that X n is combined with X n+1 is P 0 (l − x). Consequently, we obtain the following recursive formula representing the probability that X 0 is combined with X n+1 .
When the interval between X n and X n+1 is wider than R, in other words, when 0 ≤ x<L − R, P 0 (L − x) = 0. Therefore we consider the integral interval only from L − R to L in (9). The subformula f n (x)dx in (9) represents the probability that X n ∈ [x, x + dx).
We regard the unit length as R, and introduce the variables s, t,
We consider T n (s) instead of P n (L).
We obtain the following equation by using (9) .
When 0<s ≤ 1, i.e., 0<L ≤ R, by using (6) we have,
When n = 0, by using (5) we have,
By using (12), (13), (14), we can recursively calculate T n (s). Furthermore, we have proved the following theorems and lemma on T n (s). We skip the proof of those theorems and lemma. (0, 1], (1, 2] , . . . , (n, n + 1], T n (s) can be denoted as the polynomial of degree n in s. When n + 1<s, T n (s) = 0.
Theorem 3.1 In each intervals of s
Theorem 3.2 T n (s) is continuous (n ≥ 1).
Theorem 3.3 T n (s) is n − 1 times continuously differentiable (n ≥ 1).
Lemma 3.1 By using a (n,i) jk of the appropriate coefficient that j!(n − j)!a (n,i) jk is integer, we can represent T n (s) by the following formula
(n ≥ 0, 0 ≤ i ≤ n + 1). T n,i (s) = n j=0 n k=0 a (n,i) jk (s − k) j (15) T n,i (s) is the polynomial representation of T n (s) in the interval [i, i + 1] of s.
Theorem 3.4 n! times of all the coefficients of s and the constant terms in T n (s) are integer.
Asymptotic Representation for Coefficients of T n (s)
By theorem 3.1, if we denote the coefficient of s
ij , we can represent T n (s) as follows.
For convenience, we define C
We skip the proof of this theorem. By this theorem, we can recursively calculate any C (n) ij . We present that procedure as follows. 1. When n = 0, we use (17). 2. When n ≥ 1 and i = 0, we use (18) and (19) 3. When n ≥ 1 and i ≥ 1, after we recursively calculate each C (n−1) ij
i0 by (21). Finally, we concretely calculate P n (l). By (10) and (11), the probability P n (L) that the node X 0 can connect with the node X n+1 is
By introducing following variable
we rewrite (22) as follows.
P * n (z) represent the probability that the nodes of the both ends of I can connect under R L = z. For examples, when n = 2, by using (??) we have,
The coefficients of s n−j in P * n (z) is equal to what we multiply the coefficients of s j in T n (s) by n!. P * n (z) take over from the feature of T n (s). a. P * n (z) can be denoted the polynomial of degree n in z. b. P * n (z) is n − 1 times continuously differentiable. c. All the coefficients of z and the constant terms in P * n (z) are integer. To confirm correctness of the calculation experientially, we obtain the probability that the node X 0 can connect with the node X n+1 by Monte Carlo simulation. The results correspond well with the analytical results in this section. Therefore we can prove correctness of the analytical results we obtain. We present the results of evaluation and computer simulation (Fig. 2a) . The lines of Fig. 2a represent the results of evaluation and the points of Fig. 2a represent the results of computer simulation.
The Fixed Radius Free Diameter Random Graph Model
Q n (L) represents the probability of the Fixed Radius Free Diameter Random Graph Model being connected. We can represent Q n (L) as the probability that W ≤ R.
As we assume that the location of the node X i (1 ≤ i ≤ n) is the probability variable, we represent what rearrange the variables in ascending order as follows and call them order statistics.
As we assume that the each existence range of the minimum value X 1 and the maximal value X n of this order statistics are
P n−2 (y − x) represent the probability that X 1 is combined with X n using the result of the foregoing section. f 1,n (x, y) represent the joint probability density function of X 1 and X n and can be represented as follows.
We substitute (28) to (29) and organize it. Then, we have,
Next, rewriting (30) likeQ n ( * ) = * n P n ( * ), we have,
Here, we introduce w = y−x and use the variable w instead of x. Furthermore, as we reverse the order of the sum, we can reduce double integral to common single integral as follows.
We show the instance of Q n (L) for n = 3 as follows.
To confirm correctness of the calculation experientially, we also obtain the probability that the node X 1 can connect with the node X n in this model by Monte Carlo simulation. The results correspond well with the analytical results in this section. Therefore we can prove correctness of the analytical results we obtain. We present the results of evaluation and computer simulation (Fig. 2b) . The lines of Fig. 2b represent the results of evaluation and the points of Fig. 2b represent the results of computer simulation.
Conclusion
In this paper, we define the Fixed Radius Fixed Diameter Random Graph Model and have the probability of the graph being connected graph in onedimensional space. Furthermore, by using that result, we also obtain the probability of the Fixed Radius Free Diameter Random Graph Model being connected graph in one-dimensional space.
As future works, we would like to analyze the connectivity of our model when the number of nodes is sufficiency large and the model of which the radius is variable. n=2  n=3  n=4  n=5  n=6  n=7  n=8  n=2  n=3  n=4  n=5  n=6  n=7  n=8 a. P * n (z) b . Qn(L)
Fig. 2. The Results of Evaluation and Computer Simulation
